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The influence of the boundary conditions on the finite-size dependence of the mass gap in the
1D Ising model with a transverse field is studied by means of combined exact results and large-size
numerical calculations. The well-known exponential form (for transverse fields smaller than the
critical one) is only recovered in a limited range of parameters. A power-law behavior for the mass
gap is even found in the case of antiperiodic boundary conditions.
PACS numbers: 05.50+q, 64.60,—i, 75.10.Hk
The so-called finite-size scaling, which predicts the
properties of an infinite system from extrapolation of
exact calculations in finite or semi-infinite geometries,
has been proven to be a very successful tool to study
various thermodynamical systems. ' 4 When applied
near a second-order phase transition, this method al-
lows a practical and quite accurate determination of the
the critical exponents. Moreover, with the help of the
general universality argument, s which postulates that
the exponents do not depend on the precise details of
the macroscopic geometry but only on the symmetry
properties of the microscopic interactions, the method
can be applied to a wide range of problems. This pro-
cedure currently has the status of a standard technique
and it starts to be applied not even at criticality, but
also near first-order transitions, where the concept
of universality no longer holds.
Universality arguments must be taken with special
care when dealing with finite-size scaling. Barber3
pointed out that finite-size scaling functions could
depend explicitly on some details such as the boundary
conditions (BC). One can thus find unexpected ef-
fects due to BC whether the system is at criticality or
not. In this Letter, we present clear evidence of such
an effect, when a system is not at criticality, in a par-
ticularly simple and very illustrative case, combining
exact results and very accurate large-size numerical
calculations. We show that the choice of the BC can
drastically change the way a system tends to its ther-
modynamic limit when its size increases. This illus-
trates the weakness of the concept of universality in
such problems. Our example is the finite-size depen-
dence of the mass gap (which is directly related to the
correlation length) of the 2D Ising model in a cylinder
geoinetry in the presence of a gradually tunable BC.
The precise knowledge of the size dependence of the
correlation length is of essential importance, since it
drives the size dependence of many other quantities,
as long as the system is nor at criticality. In particular,
it has been shown that the finite-size rounding of the
magnetization near a first-order transition is directly
related to the behavior of the mass gap. 6 7 9'o
We have practically performed our calculations on a
more simple model, the 1D Ising model in a
transverse field„" which represents the quantum Ham-
iltonian version of the classical 2D Ising model in the
strong anisotropic limit. ' We start from the following
Hamiltonian:
—ger, (Ã) o., (1), (1)
where a.„(n) and o., (n) are spin- —,' Pauli matrices on
each site n of the linear chain, J is the exchange con-
stant between nearest-neighbor spins, assumed to be
always positive, y=I/J is the transverse field in re-
duced units, and g= Jot'J is here a gradually tunable
parameter which allows us to vary the strength Jo of
the extra bond between edge spins as compared to J.
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The peculiar cases g =0, + 1, —1 correspond to free
ends and periodic and antiperiodic BC, respectively. In
all our calculations the transverse field y has been
chosen smaller than the critical value y, = 1, since our
aim was to study the asymptotic degeneracy of the
ground state. In the classical language, this would cor-
respond to the study of an anisotropic 2D Ising model,
for temperatures smaller than the critical one, on a
square lattice with regular periodic BC in the vertical
direction and different BC in the horizontal direction,
as if there were a vertical impurity line of horizontal
bonds with a strength 10 different from the strength l
of the regular horizontal bonds. Our mass gap is then
related to the inverse of the vertical correlation length.
Although our results are only valid in the strongly an-
isotropic limit, where the strength of the vertical
bonds is much larger than the strength of the horizon-
tal ones, one could, however, expect the same kind of
strong effects in the isotropic case.
As a result of our calculations, we show that the
well-known exponential form of the mass gap,
m (N) = exp( —a N ), where cr = —lny is the anisotro-
pic limit of the so-called surface tension, 4'3 's is here
only recovered for positive g. For —1(g (0, the
coefficient o. varies continuously with g, and for
g ~ —1, a striking change occurs: The mass gap is not
exponential any more, but its dependence on size is driven
by a power laiv. Moreover, for positive g, we find that
the prefactor N ' 2, already known for periodic boun-
dary conditions, "'~ is only recovered for g ~ 1, while
for 0 ( g ( 1, its exponent varies continuously with g.
To treat the Hamiltonian (1), we have first followed
the standard exact diagonalization procedure. "t~ We
have transformed it into a free-fermion Hamiltonian
by use of the Wigner-Jordan transformation, '5 but we
have taken special care of BC which have been scrupu-
lously rewritten into the fermionic representation.
The diagonalization of the full 2~X 2~ spin matrix then
reduces to the diagonalization of a considerably small-
er N&&N matrix of a canonical transformation'
which yields the eigenvalues of the spin problem.
However, since BC were taken into full account, we
have been able to pursue the analytical calculation for
all N only in some special cases, namely g =0, + 1, —1
(Ref. 17) (the search for a full analytical solution for
the arbitrary case is in progress). The details of the
calculation will be given elsewhere, ' and we provide
here only the leading asymptotic behavior of the mass
gap for the cases solved exactly: For g = 0,




m(N) = ~'[~/(I —~) ]N-'.
The lack of generality of the mass-gap size depen-
dence can already be seen in these exact results. An
exponential behavior of the form exp( —o-N), with
the same a. = —In@, is only recovered in the cases
g =0 and g = 1, but with a different prefactor, while a
pure power law is obtained for g = —1. We must note
that the nature of the spectrum has been found to be
drastically different in the case of antiperiodic BC. In
particular, the first excited state is twice degenerate. '9
In all other cases, we have diagonalized the N& N
fermion matrix numerically. The only limitation of
size then comes from the weakness of the mass gap it-
self, which limits the precision on its estimation (espe-
cially when the convergence is exponential). We were
able to reach larger sizes (N =50) near criticality
(i.e., for y close to 1), where the mass gap is larger.
The precision is even better in the range g ~ —1,
where the behavior is a power law (N = 100 can then
be easily reached). To be sure that we were always
picking up the right energy levels, we have systemati-
cally checked our small-size results against the direct
numerical diagonalization of the original spin Hamil-
tonian. The large-N dependence of the mass gap has
been forced to be of the form
m(N) =AN exp( —crN). (3)
If these quantities converge when N tends to infinity,
this allows us to trust the proposed form (3) and to es-
timate the right n and o by extrapolating a(N) and
o(N), respectively. More results will be given in a
forthcoming paper, '8 and here we would like to
present illustrative examples of the behavior of these
size-dependent quantities by providing their plots as a
function of N ' in Figs. 1 and 2, for the cases g = 0.1
and g= —0.5, respectively. While in Fig. 1 one can
see that o. (N) converges quite well to its asymptotic
value —in', in Fig. 2, when the closing bond is nega-
tive, the convergence of o-(N) is also quite good but
the asymptotic values are clearly different from —in'.
Concerning the exponent a, for g=0.1, as shown in
Fig. 1, one can conjecture that it is clearly smaller than
The extrapolated value is a=0.15. The case
g = —0.5 is more striking but more difficult to extra-
polate. In Fig. 2, one observes oscillations of n(N)
This implies a linear behavior in the variables
X(N) = ln[N/(N —1)] and Y(N) = ln[m (N)/m(N
—1)], whose slope gives n and whose ordinate at the
origin gives o.. As usually in finite-size scaling, one
can define size-dependent effective n(N) and a (N)
calculated from three successive sizes, N 2, N —1, —
and N:
Y(N) —Y(N —1)
X(N) —X(N —1) '
o (N) = —Y(N) +n(N)X(N).
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FIG. l. Plots of a (N) and a(N) as functions of N ' for
g =0.1 and for several y values: y=0.3, 0.5, 0.7. The exact
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FIG. 2. Same plots as in Fig. 1, but for g= —0.5.
due to size effects, and eventually it becomes negative
displaying a minimum at a given size. Our conjecture
is that the asymptotic limit is zero, but it is difficult to
assert that up to sizes W = 30 (extrapolated values are
shown with error bars in the last figure).
Finally, in Fig. 3, we have summarized all the
results for a. and n as a function of g, for various
values of y. The value a. = —lny is recovered in the
whole range of g~ 0. For —1 & g & 0, o. depends
continuously upon the BC and tends to zero when g
tends to —1, as expected from the exact calculation
with antiperiodic BC. Then o- is numerically estimated
to stay equal to zero (with a very good accuracy) in the
whole range g ~ —1. Concerning the exponent a, the
universality of the results is even weaker, since it con-
cerns corrections to scaling. The value n = —,' is
recovered for g ~ 1. Then for 0» g ~ 1, n is con-
tinuously varying with g, tending to zero when g tends
to zero. Then we conjecture that o. stays equal to zero
for —1 & g ~0, but a(W) shows strong size effects.
Unfortunately, the accuracy in determining n is less
good than for o (one has to compare an exponential
function against a power law numerically). Right at
the antiperiodic BC, where the exponential behavior is
replaced by a power law, n suddenly jumps to the ex-
ponent of the power law, which is exactly a=2 for









FIG. 3. Summary of the results for the extrapolated
values of ~ and ~ as a function of the parameter g. The ex-
act results are indicated by the circles and the numerical
results are indicated by the error bars.
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very large sizes (N = 100) allows us to believe that ot
stays equal to 3, even for values of g very close to —l.
Many results presented in this Letter are of great
importance and several questions can be posed for the
future. In particular, it would be interesting to see if
the corresponding exact calculations can be performed
directly on the isotropic 2D Ising model. To our
knowledge, there have already been calculations done
with antiperiodic BC,zo but to study quite different ef-
fects at criticality. The extension of the calculation of
the surface tension to variable BC would be helpful to
understand the striking behavior found in the size
dependence of the mass gap for antiperiodic BC, which
reminds us of the size dependence when a continuous
symmetry is broken.
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